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> \ 

^ ■ 1 Introduction 

Tjj- ■ In this paper, we consider the compressible Navier-Stokes equations with density dependent 

viscosities in R+ x R^(iV > 2): 

OO : ( dtp + div{pu) = 0, 

^ ■ ^ dt{pu) + div(pu ®u)- div{2 fi{p)D{u)) - V{\{p)divu) + VP{p) = 0, (1.1) 

{p,u)\t=o = {po,uo)- 

^ ■ Here p{t, x) and u{t, x) are the density and velocity of the fluid. The pressure P is a smooth 

^ function of p, D{u) = ^(Vu-|- Vn*) is the strain tensor, the Lame coefficients p and A depend 

smoothly on p and satisfy 

p>0 and X + 2p> 0, (1.2) 

which ensures that the operator —div{2p{p)D-) — V(A(/3)div-) is elliptic. An important ex- 
ample is included in the system (jl.ip : the viscous shallow water equations (A^ = 2,p(p) = 
p,A(/5) = and P{p)=p^). 

The local existence and uniqueness of smooth solutions for the system (jl.ip were proved 
by Nash [23] for smooth initial data without vacuum. Later on, Matsumura and Nishida[20] 
proved the global well-posedness for smooth data close to equilibrium, see also [18] for one 
dimension. Concerning the global existence of weak solutions for the large initial data, we 
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refer to O El EI] • We may refer to [U fTUt [25] and references therein for the viscous shallow 
water equations. 

This paper is devoted to the study of the well-posedness of the system (jl.ip in the critical 
spaces. Recently, Danchin has obtained several important well-posedness results in the critical 
spaces for the compressible Navier-Stokes equations [HI |T2l |T3]. To explain the precise 
meaning of critical spaces, let us consider the incompressible Navier-Stokes equations 

(N S) f dtu- Au + u-\/u + Vp = 0, 
\ divu = 0. 

It is easy to find that if {u,p) is a solution of (NS), then 

uxit, x) =^ Xu{XH, Xx), pxit, x) =^ X^p(X\ Xx) (1.3) 

is also a solution of (NS). For the (NS) equations, a functional space X is critical if the 
corresponding norm is invariant under the scaling of ()1.3I) . Obviously, is a critical 

space. Fujita and Kato[16j proved the well-posedness of (NS) in , see also [SIEIES] and 

references therein for the well-posedness in the other critical spaces. For the compressible 
Navier-Stokes equations, let us introduce the following transformation 

px{t,x) p{X'^t, Xx), ux{t,x) Xu{X^t, Xx). 

Then if {p,u) solves so does {px,ux) provided the viscosity coefficients are constants 

and the pressure law has been changed into X^P. This motivates the following definition: 

Definition 1.1 We will say that a functional space is critical with respect to the scaling of 
the equations if the associated norm is invariant under the transformation: 

{p,u) — y {px,ux) 

(up to a constant independent of X). 

A natural candidate is the homogenous Sobolev space smce 
i/^/^ is not included in L°°, we can not obtain a L°° control of the density when po G 
Instead, we choose the initial data {po,uo) for some po in a critical homogenous Besov spaces: 

iPo-Po,uo)eB;^,x{B;, y, 

JV 

since B^^ is continuously embedded in L°°. 

However, working in the critical spaces, if we deal with the elliptic operators of the 
momentum equations as a constant coefficient second order operator plus a perturbation 
induced by the density and viscosity coefficients, the perturbation will be a trouble term. In 

JV 

the case when p — po is small in B^^ or has more regularity, the perturbation can be treated 
as a harmless source term and the corresponding local-well posedness can be obtained by 
following the argument of Danchin [12] , see [17] . 

The purpose of the present paper is to obtain a local well-posedness result in the critical 
Besov spaces under the natural physical assumption that the initial density is bounded away 
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from zero. Our new observation is that if p — po is small in the weighted Besov spaces 

JV 

Bp^{uj){see Section 3 for the definition), the perturbation can still be treated as a harmless 
source term. Similar idea has been used by the authors of this paper to prove the local 
well-posedness in ^ x (-B2 i) viscous shallow water equations [lO]. Very rencently, 

Danchin[T5] proved a similar result for the system (jl.ip with constant coefficients. The key of 
his proof is a new and interesting estimate for a class of parabolic systems with the coefficients 
in C([0, T]; It seems to be possible to adapt his method to the present model. Here 

we would like to present a general functional framework to deal with the local well-posedness 
in the critical spaces for the compressible fluids. 

Our main result is as follows: 
Theorem 1.2 Let po and cq be two positive constants. Assume that the initial data satisfies 

{po - po,uo) e B^^ X [B^^^ ) and po > cq. 

Then there exists a positive time T such that 

(a) Existence: If p G (1, A^], the system U.l\) has a solution [p — po,u) G with 

E^^JC{[Q,T]-B;,)>i(c{[Q,T\-B;, )nL\0,T;B;, )) , p > -cq; 

(b) Uniqueness: If p G (1, A^], then the uniqueness holds in Ej,. 

Remark 1.3 If the Lame coefficients p, and A are constants satisfying then the range 

of p in the existence result of the system (II. ip can be extended to p & {1,2N), since we can 
take p G (1, 2A^) in Proposition 15. 1\ for the case when A and Jl are constants. 

The structure of this paper is as follows: 

In Section 2, we recall some basic facts about the Littlewood-Paley decomposition and the 
functional spaces. In Section 3, we firstly introduce the weighted Besov spaces, then present 
some nonlinear estimates. Section 4 is devoted to the estimates in the weighted Besov spaces 
for the linear transport equation. Section 5 is devoted to the estimates in the weighted Besov 
spaces for the linearized momentum equation. In Section 6, we prove the existence of the 
solution. In Section 7, we prove the uniqueness of the solution. 

2 Littlewood-Paley theory and the functional spaces 

Let us introduce the Littlewood-Paley decomposition. Choose a radial function ip G <S(R^) 
supported in C = G R^, | < |Cj < §} such that 

^p{2~^C) = 1 for all ^ 7^ 0. 

iez 

The frequency localization operator and Sj are defined by 

A,f = ^{2-W)f, Sjf= Akf for j G Z. 

k<j-i 
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With our choice of one can easily verify that 



AjAfc/ = if \j -k\>2 and 
Aj{Sk-ifAkf) = if Ii-A:|>5. 



(2.1) 



We denote the space Z'(R^) by the dual space of Z(R^) = {/ S 5(R^); L'"/(0) = 0; Va G 
N'^ multi-index}, it also can be identified by the quotient space of 5'(R^)/7^ with the poly- 
nomials space v. The formal equality 

fcGZ 

holds true for / € 2'(R^) and is called the homogeneous Littlewood-Paley decomposition. 
The operators Aj help us recall the definition of the Besov space(see also [Mj)- 

Definition 2.1 Let s G R, 1 < p,r < +oo. The homogeneous Besov space Bp ^. is defined by 

Bl, = {/ G Z'(R^) : 11/11^. < +oo}, 

where 



def 



p.r 



•)ks I 



We next introduce the Besov-Chemin-Lerner space Lj.{Bp^) which is initiated in [9]. 

Definition 2.2 Let s G R, 1 < p,q,r < +oo, < T < -|-oo. The space L'ip{Bp^) is defined 
as the set of all the distributions f satisfying 



where 



def 



^kfii)\\Li{0,T;LP) 



Obviously, L\,{Bp ^) = L}p{Bp i). In the sequel, we will constantly use the Bony's decompo- 
sition from [1] that 

uv = TuV + %u + R{u,v), (2.2) 

with 

TuV = Sj-iuAjV, R{u,v) = ''^^AjuAjV, Ajv = Ajtv. 

iez jez \j'-j\<i 

Let us conclude this section by collecting some useful lemmas. 

Lemma 2.3 /?/ Let 1 < p < q < +oo. Assume that f G L'P(R^), then for any 7 G 
(NU{0})^, there exist constants Ci, C2 independent of f , j such that 



supp/ C {|e| < Ao2^} =4 
supp/ C {Ai2^ < \C\ < A22^} 



<C22~3\^\ sup iia^/iip. 

m=\i\ 
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Lemma 2.4 Jl^] Let 1 < p < oo, and a > a > be a bounded continuous function. Assume 
that u e LP(R^) and suppu C : i?i < |^[ < i?2}- Then there exists a constant c depending 
only on N and R2/R1 such that 

caRl ^^~^^ I \u\Pdx<- [ div{aVu)\u\P-^udx. 

Lemma 2.5 Let s > 0, and I < p < 00. Assume that f,g£ Bp\ fl L°°. Then there holds 

llfgUs < C(||/||^. Ils-llioo + ll/llL-llffllij. )• 
p,i p,i p,i 

Lemma 2.6 Let si,S2 < "^,51 + 32 > A'^max(0, | — 1), and 1 < p,q,qi,q2 < 00 with 
J- + -L = 1. Assume that f e L^'(^p\) and g G L^{B^\). Then there holds 

Lemma 2.7 Let si < y,S2 < ^, si + S2 > A^max(0, | — 1), and 1 < p,q,qi,q2 < 00 with 
J- + -L = 1. Assume that f G L^'(5p\) and g G L'^{B^-^^). Then there holds 

Lemma 2.8 Let s G (-iVmin (i, ^ + 1] and 1 < p,q,qi,q2 < 00 with i + ^ = i. 
Assume that f G L^{Bp^ ) and <^ G L'^(Bp i). Then there holds 

5^2^-(-i)i|div[A„/]V5||,.(^.) < GII/IL,^,f +1 lbllz-(B;^)- 

Lemma 2.9 Lei s > and 1 < p, g < 00. Assume that F G w/„^j,"''^'°°(R) with F(0) = 0. 
T/ien for any f G L^(L°°) n Zf,(5^ J, we /laue 

II^(^)IIz^(b;,) ^ ^(1 + II/II^-(^-))'^^"''ii/IIz^(b;,,)- 

Lemma 12.61 -Lemma 12.91 can be easily proved by using Bony's decomposition and Lemma 
12.31 see also |8l [12] or Section 3 for similar results. 

Remark 2.10 Lemma \2.b\ Lemma \2.!A still remain true for the usual homogenous Besov 
spaces. For example, the estimate in Lemma \2. 61 becomes 

\\fg\\ .s^+s^-K < C||/||^n MIbs^ , 



with p, si, S2 satisfying the conditions as in LemmaW. 
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3 Nonlinear estimates in the weighted Besov spaces 

Let us firstly introduce the weight function. Let {ek{t)}kez be a sequence defined in [0, +00) 
satisfying the following conditions: 

ejt(f) G [0,1], ek{t)<ek'{t) if k < k' and efe(i)~efe/(t) if k k' . (3.1) 

Then the weight function {u;fc(i)}fegz is defined by 

a;fe(t) = ^2^-^e^(t), keZ. 

i>k 

It is easy to verify that for any A; G Z, 

Wjk(t) < 2, ek{t) < Uk{t), 

Wfe(t) < 2^-^'ujk'{t) if A; > k', Ukit) < 3L0k'{t) if k < k', (3.2) 
ujkii) ~ ^k'{t) a k ^ k' . 

Definition 3.1 Let s G R, 1 < p,r < +00, <T < +00. The weighted Besov space Bpj.(uj) 
is defined by 

B;A^) = {/ e 2'(R^) : < +CX)}, 

where 

Definition 3.2 Let s G R, 1 < p, g < +00, < T < +00. The weighted function space 
L|,(5p ]^(a;)) is defined by 

L't{B;M) = {/ e L'^riBl^iu)) : ||/|Iz^(b;_^(^)) < +00}, 

where 

T 



Remark 3.3 Ifek{t) is continuous on [0, +00) and 6^(0) = for k eT,, f e L^{Bp^^), then 
for any £ > 0, there exists a T G (0, T] such that 

Indeed, due to f E L'^{B^ ^) and uJk{T) < 2, there exists iVi G N suc/i that 

2'=^a;fc(r)||Afc/|Uoo(ip)<e/3, ^^2^^ J] 2'^-'ee{T)\\Akfh^^L^)<e/3. 

|fe|>iVi+l lfcl<A'i ^>fc+Afi+l 
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Thus, we have 

< 2./3+ E 2^-^e,(r)||A,/||^^(^.) 

^ |fc|<Afi fc<£<fc+7Vi 

< 2e/3 + 2e2^,(f) ^ 2'=^||A,/||i^(ip) 

|/c|<Afi 

< e, 

ifT^ (0, T] is chosen such that 

2e2NAT) E 2'=^||Afc/||i^(i.) <e/3. 

|fc|<Afi 

Next, we present some estimates in the weighted Besov spaces. 

Lemma 3.4 Let 1 < p < oo. Assume that f G Bp\{iu),g G Bp\. Then there hold 

(a) if S2 < ^, we have 

(b) if si < ^ — 1, we have 

(c) if si + S2 > N max(0, | — 1), we have 
Proof. Due to (|2.ip . we have 

lj'-il<4 

then we get by Lemma 12.31 and ()3.2I) that 

||T,/||.,^,,^_^ = ^2^-(^^+^-f^(r)||A,(v)||, 

-Bp.i ('^) j 

< c5^2^'(^^+^^-f^-(r)||5,_i5||oo||A,/||p 

where we used in the last inequahty 

\\S,-ig\\oo<C ^ 2'T\\A,g\\p<C2^^-''+f^\\g\\^s,. 

^ ' p,l 

i<j-2 
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This proves (a). We next prove (b). Similarly, we have 

r/^^ll ...... -f_ = ^2^-(^^+^-f)..,(r)||A,(r^5)llp 

j 

and by Lemma 12.31 and (j3.2p , we have 

< C2^-(f 11/11^.. 
which lead to (b). Now we prove (c). Notice that 

Aj{R{f,g))= Aj{Aj,fA,,g), 

then we get by Lemma 12.31 that if p > 2 

\mf,g)\\..,^.,.N 

^^E E E2''"'eKT)2^-(^^+^^)||A,./||p||A,,5||, 

j j'>j-3e>j 

= E E E°+E E E □ 

j j'>j-3e>j,j' j j'>j-3j'>£>j 

^I + II. 

For //, using the fact that e(,{T) < ej'{T) < u)j'(T) if £ < j', we get 

j j'>j-3 

< ^E E ^,'m2(^''^")(^^+^^)2^"«M!A,v/||,||5b;.^ 

p,i^ y p,i 

and for /, using the fact that 
we obtain 

^ ^E E ^,'(r)2(^--^")(^^+^^+i)2^"^M|A,v/||,||ff||^..^ 

p,l^ ■' p, 1 
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If p < 2, we get by Lemma ES] that 

E 2^-(^^+--^(i-^»a;,(r)||A,,/||,||A,,5||p' 

j j'>j-3 

i j'>i-3f>j 

Then treating it as in the case of p > 2, we obtain the same inequality for si + S2 > — 1). 
This proves (c). ■ 

We have a similar result in the weighted Besov spaces with the time. 

Lemma 3.5 Let 1 < p,q,qi,q2 ^ oo with ^ + ^ = |- Assume that f G L^^(i?p\(a;)), € 
L^^{B'p^^). Then there hold 
(a) if S2 < ^, we have 



Proposition 3.6 Let si < — — 1,S2 < — ,'Si + S2 > A^max(0, | — 1), and 1 < p,q,qi,q2 < oo 



if si < — — 1, we have 
(^cj if Si + S2 > N max(0, | — 1), we /laue 

The following proposition is a direct consequence of Lemma 

^-1,S2<^ 

with ^ + i = i. ^sswme t/iat / G L^'(Sp\(a;)) and 5 G L^{Bp\). Then there holds 

Prom the proof of Lemma 13.41 we can also obtain 

Proposition 3.7 Let si < ^ — 1, §2 < y > + S2 > A^max(0, | — 1), afic? 1 < p, 9, (71, (?2 < cjo 
with J- + ^ = i. ^sstime t/iat / G Lf.^ (Bp\(u;)) and 5 G L'^{B^-^^). Then there holds 

Proposition 3.8 Lei s > and 1 < p, g < 00. ^ssitme that F G VF/^^]"*"^'°°(R) mi/i F(0) = 0. 
T/ien /or any f G Lf{L°°) n ^(w)), we /laue 
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Proof. We decompose F{f) as 

j'ez 

where mjr(f) = F'{Sjif + TAj/f)dT. Furthermore, we write 

= Y. Aji^ffmf{f)) + ^ A,(A,,/m,,(/)) ^ / + //. 

By Lemma 12.3^ we have 



J'<3 



<^ 2-^-1-1 sup \\D^'Aj{Aj,fmj,{my^ 



with a to be determined later. Notice that for [7I > 0, we have 

||I?^m,.(/)||oo <C2^"l^l(l + ||/||oo)l^l||i^'|lH/H,.o, 
from which and (j3.3p . it fohows that 

thus, if we take |a| = [s] + 2, we get by <\3.2{\ that 

^a;,(r)2^-^||/||^,(^,) 
j 

< C^2^Vmi|A,'/||i^(i.) E 2(^--^-')(^-l"l+i)(l + 
i' i>i' 

Now, let us turn to the estimate of //. We get by Lemma 12.31 that 

j'>j 

Then we write 

J]u;,(r)2^1|/Ib,(^.)<Cj;2^-^5^||A,,/|l^,(^,) Y 2^''edT) 
j j j'>j j'>^>j 

+c^2^-^^iiA,,/ii^^(^,) E ^'~'^i(n 

j j'>j t>3,j' 

from which and a similar argument of (c) in Lemma 13.4^ we infer that 

^u;,(T)2^1//||^,(,,)<C7||/||j,(^.^(^)), 
j 

from which and (j3.4p , we conclude the proof of Proposition 13.81 
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4 Estimates of the linear transport equation 

In this section, we study the hnear transport equation 

I f{0,x) = fo. 

Proposition 4.1 {T^ Let s G (-iVmin(i, 1 + 1 < p,r < +oo, and s = 1 + ^, 

if r = 1. Let v be a vector field such that Vv G L\,{Bp,r H L°°). Assume that /q € Bp^^^ 
g S L^{Bpj.) and f is the solution of IJTJ). Then there holds for t € [0,T], 







p.r 



where V{t) =^ \\Vv{t)\\ . iv dr. If r < +oo, then f belongs to C([0, T]; 



Proposition 4.2 LeipG[l,+oo] anrf s G (— A^min(-, — ), — ]. Let v be a vector field such 

JV 

t/iai Vu G L}p{B^^). Assume that /o G -^p,i) 5 ^ ^t{^p,i) '^'^d f is the solution of 
Then there holds for t G [0, T], 



«;/iere V{t) =^/o ||Vt;(r)|| ivdr. 

Proof. Applying the operator to the transport equation, we obtain 

A,-/ + V ■ VA,/ = A,5 + [v, A,] • V/. (4.2) 

Assume that p < +cx3. Multiplying both sides of (j4.2p by |Aj/|P~^Aj/, we get by integrating 
by parts over for the resulting equation that 

ii|A,/||^-i f |A,-/|Pdivr;dx< (||A,5||p + ||b,A,].V/y||A,/||P-i, 

then we have 

\\Ajf{t% < ||A,/o||p + [\\\A,g\\p + A,-] ■ V/|Ip + -||divt;|U||A,-/|y dr, 

JO P 

from which, it follows that 



+ f \\9ir)\\Bsf^)dr+ f Y.u;,{T)2^mv, A,] ■ V f{T)\\pdT, 
Jo '''^ Jo , 
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^11 f+i\\J \\b;^,{^)- 



from which and Lemma 14.31 we infer that 

Then Gronwah's lemma apphed imphes the desired inequahty. ■ 

• — +1 

Lemma 4.3 Let p G [l,oo],s G (— A^min(i, ^]. Assume that v G Bp i and f G 
1 (uj) . Then there holds 

Y,^jiT)2^-^\\[v,A,]-Vf\\,<C\ 
j 

Proof. Using the Bony's decomposition, we write 

[v, Aj] ■ V/ = [T,, , A,]dkf + TQ.A.fv'' + R{v\ dkAjf) 
-A,{Ta^fv'')-A,R{v\dkf). 
Using Lemma 13.41 with si = s — 1 and S2 = + 1, we get 

J]^,(^)2^•^||A,i^(^;^9fc/)||p<C|h 
j 

Notice that 

j'>j-2 

then we get by Lemma 12.31 that 

< CEu;,(r)2^-(^+^+f )||A,/||, 



j'>3 



< CM ..ms^^i.y 



Now, we turn to estimate [T^k,Aj]dkf- Set h{x) = (JF ^ip)(x), we get by using Taylor's 



formula that 



[T,,,A,]dkf = Y [Sj'-iv^A,]dkAj,f 
li'-il<4 



V 2^^ [ h{2^{x - y)){S,>.iv\x) - S,,^iv\y))duA,,f{y)dy 
b'-j|<4 

Y 2(^+1)^' / / yVS,y^iv\x-Ty)dTdkh{2^y)Aj,f{x-y)dy 
+2^^ [ h{2\x-y))dkSj.-iv\y)A,,f{y)dy, 
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from which and the Minkowski inequahty, we infer that 

Y,^jim'\\[n^,^j]dkf\\p < CY,^jiT)2^' E l|V5,._i7;|loo|lA,,/|[, 

j 3 |j'-il<4 



Summing up ah the above estimates, we conclude the proof of Lemma 14.31 I 

5 Estimates of the linearized momentum equation 

In this section, we study the hnearized momentum equation 

dtu — div(7lVti) — V((A + 7l)divu) = G, fr: -w 

u\t=o = Uq. 

In what fohows, we assume that the viscosity coefficients X{p) and 7l(p) depend smoothly on 
the function p and there exists a positive constant ci such that 

/I > ci , A + 2/7 > ci . 

Fix a positive constant c to be chosen later. In this section, the weighted function uJk{t) is 
given by 

l>k 

with e^{t) = (1 *)2. It is easy to verify that the function ei{t) satisfies (13. ip . 

Proposition 5.1 Let q G [l,oo]. Assume that G G L^(i?p^^),Mo G ^p\^ > '^'^^ P ~ P ^ 

N_ 11 — 

L^[Bp-^^). Let u be a solution of i5.1\) . Then there hold 
(a) Ifpe{l,N], se{-Nmm{l,jr) + l,f], we have 



WuWjg < C(|[no||^s-i + \\G{t)\\ii + A{T)\\p- p\\^ n \\u\\ii (j;^s+i.); 

Ln addition, ifp-pe Lf{B^-^ ),pe (l,oo), s G (-7Vmin(i, + + I], then 

(b)Lfpe{l,N], se{-Nmm{l,jr) + l,f], we have 
HereAiT)tf{l + \\pU^^L-))^f^^\ 
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Proof. Set d = divu and w = curlu. From (jS.ip . we find that {d,w) satisfies 

dtd - dW(vVd) = divG + Fi, 

dtw - dwiJiVw) = curlG + F2, (5.2) 
{d,w)\t=o = (divtio, curluo) = {do,wo), 

where V = X + 2JI and 

Fi = div(V77 • Vn) + div(V(A + J[)d), 

F^'^ = dw{dj]lVu' - diJlVu^), ij = l,--- ,N. 

Applying the operator Aj to (j5.2|) . we obtain 

f dtAjd - div{vVAjd) = divAjG + A^Fi + div[Aj,V]Vd, 
\ dtAjW - div{jLVAjw) = curlA^G + AjF2 + dw[Aj,jL]Vw. 

Multiplying the first equation by \Ajd\^^'^Ajd, we get by integrating over that 
^^^\\Ajd\\P - j ^ div(l7VAjd)lAjd|P-2Aj.ddx 

= / (divAjG + AjFi + div[Aj,I7]Vd) \Ajd\^-^ Ajddx 
Lemma 12.41 ensures there exists a positive constant Cp depending on co,p,N such that 
i^||A,d||^ + Cp22^|IA,d||^ < ||A,d||^-i(||divA,G||p+ ||A,Fi||, + ||div[A,-,F]Vd||p). 
Thus, we have 

^\\Ajd\\p + Cp2^^\Ajd\\p < ||divAjG||p + WAjFiWp + ||div[Aj',I7]Vd||p, 
which implies that 

\\Ajd{t)\\p < e-^''2''*||A,do||p + re-^'''''(*-")(||divA,-G||p + \\A,Fi\\p + |ldiv[A,-,I7]V(i|lp) dr. 

Jo 

Similarly, we can obtain 

WAjwmp < e-^'^'^'W^jWoWp + re-^''2''(*-")(||curlA,-G||p + ||A,F2||p + ||div[A,-,7l]Vw;||p) dr. 

Jo 

From the above two inequalities, we infer that for any q € [1, 00] and t G [0, T], 

\\^jdit)\\L^^(LP) + \\^jW{t)\\qi^LP) 

<C2-'^/'^c,{T)k\\A,do\\p+\\A,wo\\p) 
+C2-^^/'^cj{T)l{\\divA,G\\^^Lr) + IIA.^iIIlJ(lp) + l|div[A„I7]V(i||ii(^,)) 
+G2-2^-/.c^.(r)i(||curlA,G||ii(i,) + ||A,F2||ii(i,) + ||div[A„7l]Vt/;||ii(^,)), (5.3) 
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with Cj{T) = 1 - e'^p^^''^. Notice that 

2^'||Ajn||p ~ \\Ajd\\p + \\Ajw\\p, ej{T) < uJj{T), 
which together with (|5.3p imphes that 

+C^2^-(^-2)(||div[A,-,I7]Vd||i^(i,) + ||div[A,,7l]V«;||i^(^,)), (5.4) 

j 

and with c = Cp in the definition of efc(t), 

< C(||7Xo|1b-1(^) + + ll(^l,^2)|lz^(B-2(^))) 

+C7^2^-(«-2)u;,(T)(|Idiv[A„I7]Vd||^i^(^,) + ||div[A,-, 7l]Vu;|L^(^,)) . (5.5) 

j 

First of all, we deal with the right hand side of ()5.4p . From Lemma 12.61 and 12.91 we infer 
that 



< C(||V7i.V^|Ij^(^.-X) + ||V(A + 7i)d||j^(^.-i)) 



Similarly, we have 
While, we write 

[Aj,V]Vd = [Aj,V- V{p)]Vd = Aj{{V - V{p))Vd) - (V - V{p))AjVd, 
then by Lemma 12.61 Lemma 12.91 we get for p E [1) 

^2^-(«-2)||^i^^ ((-_-(^))^^)|| < C7^(r)||p-p|L .N 

J2 2^'^'^'^ (ll^ - HpJh^iL^) II A,divVd||i^(ip) + ||div(l7 - I7(£))||ioo(^iV) II A, Vdll^^ 

< Cyl(r)||/>-p||_ .iv ||n||2;w^s+i^. 



l: 

which imply that 



5;2^-(^-2)||div[A,-,I7]Vd||i^(iP) < CA{T)\\p-p\\^ MzuB^+y (5.8) 
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Similarly, we have 

Y,2^^'-^^\d\v[^,,Ti]Vw\\n(L,)<CA{T)\\p-p\\^ n HnH^w^.+i.. (5.9) 

Then the first inequality of Proposition 15.11 (a) can be deduced from (15. 4p and (j5.6p - (l5.9p . 
On the other hand, using Lemma 12.61 and 12.91 we also have 



and by Lemma [ 

^2^-(^-2)(||div[A„I7]Vd||i^(^,) + ||div[A„7z]Vu;||^^(i,)) 
j 

<CA{T)\\p- p\\^ ,N^^\\u\\i^,j^, y 

which together with ()5.4p lead to the second inequality of Proposition 15.11 (a). 

Next, we deal with the right hand side of ()5.5p . From Proposition 13.61 and 13.81 it follows 
that 

< C{\\jl--p{p)\\^ .iv +||A-A(p)|L .K )ll^llzifB»+M 

< CAiT)\\p-pL .N Mz^ ,^s+,y (5.10) 

Similarly, we have 
Notice that 

[Aj,I7]Vci = [l^j,V -V{p)]Vd, [Aj,7l]V'«; = [A^, /I - 77(/j)]Vt(;, 
which together with Lemma 15.21 and Proposition 13.81 ensures that 

j;2^-(^-2)^,.(r)(||div[A„I7]Vd||i^(iP) + ||div[A,,7l]Vw;||i^(^,)) 

3 

<A{T)\\p-p\\^ Jl^llz^(ij^y)- (5-12) 



Summing up (j5.5p and (j5.10p - (|5.12p . we obtain the inequality of Proposition 15.11 (b). ■ 

^ JV 

Lemma 5.2 Let p e [l,iV] and s £ (-iVmin(i, y), j]- Assume that f e Lf{B^-^{uj)) and 
g e L\.{Bpy^). Then there holds 

5]2^-(-^)^,(r)||div[A„/]V5ki(L.) < , JshHB;\^y 
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Proof. Using the Bony's decomposition, we write 

[f,Aj]dkg = [Tf,Aj]dkg + T9^A,gf + R{f,dkA,g) 
-Aj{T9^gf)-A,R{f,dkg). 
Using Lemma 1531 (a) and (c) with si = ^ and S2 = s, we get 

j;.;,(r)2^-(^-i)||divA,(ra,,/)|L^(^.) < c\\fL - Mzub^yv 
^^,(r)2^-(^-^)||divA,i?(/,a,5)||M(LP) < cil/lL .K Ibllzw^n^). 

Thanks to the proof of Lemma 14.31 we have 

Tk^J = To,A,gf + R{f, duA.g) = ^ 5,.+2A,5feffA,./, 

i'>i-2 

then we get by Lemma 12.31 and (|3.2p that 

j;a;,(T)2^-(-i)||divT^^^^^/||^^(^,) 

j 



<c5]2^-(^+f)||A,5||i^(i.) (2^' + 2^"H.,(T)||A,,/||^^(^, 

i'>i-2 



Set h{x) = {J-^^ip){x). Thanks to the proof of Lemma l4.3t we have 

[Tf,A,]dkg = V 2(^+1)^/ [\-VSj>_J{x-Ty)dTdkhi2^y)Aj,g{x-y)dy 
•/ Jr^ Jo 

+2^^' /" ^(2^(x-y))45,'_i/(y)A,v5(y)dy, 

from which and a similar argument of Lemma 13.51 (b), we infer that 



j;^,(r)2^-(^-i)||div[r;, A,]9fc<7llL^(LP) < c|l/IL^ .f 



Summing up ah the above estimates, we conclude the proof of Lemma 15. 2[ ■ 
To prove the uniqueness of the solution, we also need the following proposition. 

Proposition 5.3 Let p G [2,A^]. Assume that G G L}p{Bp^rL),uo G Bp,oo, and p — p (z 

JV ~ 

L^{B^^). Let u he a solution of h5.1\) . Then there holds 

\\u\\_ .-K+2 + II^IL .-.^^ + 1 

<c(||«o||._iv +||G(r)|L ._iv +A{T)\\p-p\\^ ,N lltxIL ._iv+, ). 
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Proof. We closely follow the proof of Proposition 15. 1[ From (j5.3|) . we infer that 



<C(\\uo\\ _M +||G|L _iv +||(Fi,F2)|L „iv_, 



+Csup2^'( - ^)a;,(T)(||div[A,-,I7]Vd|L^(i,) + ||div[A,,7l]V«;||ii^(^,)). (5.13) 



JV 

We use Proposition 13.71 to get 



ll(i^i,i^2)IL .-iv_, <CAiT)\\p-p\\^ .iv ||n|L ._iv+2- 

From Lemma 15.41 the second term on the right hand side of (|5.13p is bounded by 

CA{T)\\p- p\\^ N ||m|L _jv ,2 . 

- L5?(B/j(..)) L}^{Bp,£, ) 



This completes the proof of Proposition [JT 

Lemma 5.4 Letp G [1,-/V]. Assume that f G L^{Bp^{uj)) and g S L}p{Bp^^ ). Then there 
holds 

sup2^'(-f-%(r)||div[A„/]V5llLi(iP)<c||/|L IbIL .-iv+, . 

The proof of Lemma 15.41 is very similar to that of Lemma 15. 2i Here we omit its proof. 

6 The proof of existence 

We set 

/, N Pj^^x) -pq _ p{p) - X{p) 

a[t,x) = = , p[p) = , Kp) = • 

Po P P 

Then the system (|l.ip reads 

dta + u ■ Va = F, 

dtu-dw{jlVu) - V((A + 77)div'u) = G, (6.1) 
(a,M)|t=o = iao,uo), 



with ao = £oM^ and 

F{a, u) = —(1 + a)divn, 

G(a, u) = -u-Vu + ~P^Va + ^Vp • V. + ^^i^l±Mvpdivn. 

p p^ p^ 

Step 1. The approximate solution sequence 
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We smooth out the data as follows: 
where € Z is chosen such that 

Po(l + «o(^))>^co. (6.2) 

A standard hnearized argument (as in the proof of Theorem 4.2 in [12] ) will ensure that 
the system (j6.ip with the smooth data (aQ,Ug) has a solution (a",M"') on a time interval 
[0, Tn] for some T„ > such that 

a"GC([0,T„];5|ins|i+') and 

a — +1 — +2 V / 

In what follows, we also denote by T„ the maximal lifespan of the solution (a", u"). 
Step 2. Uniform estimates 

Let Eq := llaoll n + ||uo|| n_, and T € (0,Tn). We assume that the solutions (a"',u"') 

satisfies the following inequalities for some positive constants ci,Co,Aq and r]{to be deter- 
mined later): 

(HI) Po{l + aJ^{t,x)) > f for any {t,x) G [0,r] x R^; 

(H2) ]i^{t,x) > ciX{t,x) +2jf'{t,x) > ci for any {t,x) £ [0,T] x R^; 

(H3) ||a"iL N +||^i"IL iv_i <CoEo; 

(H4) lla'^IL N <Aor?, ||n"|L k.^ + Ik'^L k <V- 

In what follows, we will show that if the conditions (HI) to (H4) are satisfied for some 
r > 0, then they are actually satisfied with strict inequalities. Since all those conditions 
depend continuously on the time variable and are satisfied initially, a standard bootstrap 
argument will ensure that (HI) to (H4) are indeed satisfied for T. 

First of all, we get by Proposition 14.11 that 

||a"|| N <e^^"(^) (llaoll iv + ||F"|| ^ ), (6.4) 

and by Proposition 15.11 we have 

|k"|L iv_, < C||mo|| iv„, +C7||G"|L iv_i 

+(:7^"(r)||a"|L N ll-u^lL n., , (6.5) 

where ^{1) = /* ||Vu"(r)|| ncIt and A"(r) = (l + ||a"|L k )[f]+^ For F", we apply 
Lemma 12.61 to get 

||F"L K < lk"IL iv,i +c||a"|L iv ll-u^iL ^+1, 
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and for G", we use Lemma 12.61 and 12.91 to get 

+c^"(r)||a"|L iv (r+||u"|L n.,). 

Plugging the above two estimates into (j6.4p and (j6.5p . we obtain 



L iv +|ln"L ^-1 <Cie^i^"(^)(^o + (Co^o + l)??)+Ci^"(T)Co^o(T + r/)(6.6) 
Next, we get by Proposition 14.21 that 



<e^^"(^)(||ao|| K +IIF-IL K ), (6.7) 



JV 



and by Proposition 15.11 we have 



<c(holl N_, +||G"|L iv„, +A"(r)||a"L ||u-|L iv^, ).(6.8) 

For F", we have 

N <2||F"|L N <C(l+||a"|L ^ )||«"IL £1+1, 

and for G", we use Proposition 13.61 and 13.81 to get 

||G"|L iv 1 r^CWu^'f ^ +CA"(r)||a"|L N (T+ll'u'^IL N.,). 



Plugging the above two estimates into (|6.7p and (j6.8p . we obtain 

||a"|L N <e^i^"(^)(||ao|| jv + C^il + CoEo)r]) , (6.9) 

lin'lL iv+, +||n"L iv <C3(||no|| iv_, +ri^ + AqA^ {T)r,{T + ri)). (6.10) 

According to the definition of and A", we have 

y"(r) < 7?, .4"(r) < (i + Co^o)'^^^^ 

Let Co = 4Ci and = 2C2(1 + CqEq). Then we take ry small enough such that 



I 16 

Car? < ^, C3^o(l + CoEop^^\ < ^. 
6 6 



(6.11) 



Next, we take T small enough such that 



CiiCoEo + l)[f l+^^T < 4, ^^3^0(1 + CoEo)^f^+''T < ^. (6.12) 

16 6 



20 



JV JV 



and note that f-i^fe(O) = and (ao,'Uo) £ x B^^ , we can also take T small enough such 
that 

\\ao\\.N ^ T^V, \\uo\\.N_^ ^TTT- (6-13) 
Then it follows from (|6.6p that 

n n 7 

and from (j6.9p and (|6.10p . we infer that 

7 2 

lk"IL N < -Aqt], \\u'^\\__ jv+i +||'u"L ^ <oV, 

which ensure that (H3) and (H4) are satisfied with strict inequalities for T and i] satisfying 
Let Xn{t,x) be a solution of 

X) = U\t, Xn{t, X)), Xn{0, X) = X, 

and we denote by X~^{t,x) the inverse of Xn{t,x). Then a^{t,x) can be solved as 

a^{t,x)=a^{X-\t,x))+ r F^{T,Xn{T,X-\t,x)))dT, 

Jo 

thus, we have 

M^ + a''{t,x))=p'^{X-\t,x))+po f F^{T,Xrr{T,X-\t,x)))dT. (6.14) 

Jo 

On the other hand, we have 

11-^" 1 1 Li,(L°°) < I|V^/||li,(lcx,)(1 + ||a||i,oo(^oo)) < C4(l + CoEo)r]. 



We take rj such that 



C74(l + Co^o)??< Ico. 



Then from (f6T^ and (fOj) . it follows that 

3 15 
^o(l + a"(t, x)) > -Co - -Co > -Co, 

that is, (HI) is satisfied with the strict inequality. Finally, take 

ci = ^min( inf ll{p), inf (A(p) + 277(p))), 
which ensures that (H2) is satisfied with strict inequality. 
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Let T* be the supremum of all time T such that (|6.12|) and (j6.13p are satisfied. We need 
to prove that Tn >T*. If T„ < T* , then we can prove that 

^ iV — + 1 

eL^{0,Tn;RpynB;^^ ) and 
^ K—i a — +1 — +2 (,o.ioj 

thus, the solution (a"',u"') can be continued beyond T* . Indeed, from Proposition 14.11 we 
have 



||a"|| K^, <e^^' 
and by Proposition 15.11 (a), we have 



f\\F-{r)\\,K^,dT), (6.16) 



< C||n[J|| iv +C7||G"|L iv +C^"(T)|Ia"|L ||n"|L jv , ^ , (6.17) 

— 

On the other hand, we use Lemma 12.51 and the embedding B^^ ^ L°° to get 

IIF-II < IKII +C7||a"|| .^IKII +C7||a"|| 

oP oP oP oP oP oP 

^P,l -"p,! -"p,! -"p,! -"p,! ^P,l 

and by Lemma 12.61 and 12.91 we have 

||G"|L M < c||u"|L ivll-u^iL iv+i 

Tl / R P \ roooP flRP 

+C7A"(r)||a"|L .^+,(T+|lnnL 

roorjP^^ rloP^' 
^p,l ^T^p,l 

which together with ([6l^ . ([6T7l) and (II3-H4) implies ([6l^ . 
Step 3. Existence of a solution 

We will use a compact argument to prove that the approximate sequence {o",M'^}„gN 
tends to some function (a, u) which satisfies the system (j6.ip in the sense of distribution. 

Since {«"} is uniformly bounded in L\,{I3^^ ) r\L^{Bpi ), we get by the interpolation 

• —-l+2/q 

that {ii"}ngN is also uniformly bounded in L'^{B,^^ ) for any q € [l,oo]. By Lemma 
we have 

||a"divu"|| N_, < C||a"|| jv n, 
lln"- Va"|| N_, <C||a"|| iv|k"|| iv , 

from which and the first equation of the system (|6.ip . we infer that {9ta"}neN is uniformly 
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N 



-1, 



bounded in Li^^B^^ ). On the other hand, by Lemma 12.61 and Lemma |2.9^ we have 
llu^-Vn"!! N_,,,^<C\\u^\\ iv.-i ||ii"|| iv,,,,, 

B^' BP BP, 

p,l p,X p,l 



,Po^'(p")y^n|| < (:7(||a"||oo)||a"|| .^(l + ||a"|| .iv), 



||div(7l"Vn")|| .^_3/, + !|V((A"+7l")divn")|| .^_3/, + \\Gn 

B^' B^' B^' 

<C(||a"|U)||a"|| ^(l + ||a"|| n)\\u^\\ n_,,/„ 

where Gi ^^V/?" • Vu" + ^^'^ ^^^j'' ^ VjO"divn"'. Then, from the second equation of the 

system (j6.ip . we infer that {9fu"}„gN is uniformly bounded in L^i^B^^ ^ + B^-^ ). 

Let {XjliGN be a sequence of smooth functions supported in the ball i3(0, j + and equal 
to 1 on B{0,j). The above proof ensures that for any j G N, {xja'^lneN is uniformly bounded 

1 . ^-1 1 . ^-^ . ^-1 

in C2{[0,T];B;^^ ), and {xju''}neN is uniformly bounded in C^{[0,T]; B^^ ' + B;^^ ). 

— — 1 — 1^ — 1 — — 1 ——3/2 

Since the embedding B^^ D B^^ ^ B^^^ and B^^^ n S^^^ ^ B^^ are locally 
compact, by applying Ascoli's theorem and Cantor's diagonal process , there exists some 
function (a, u) such that for any j G N, 

Xja^^Xja in C{[0,T]; B; ~'), 

JV _ 3 

Xi^*" ^X,n in C{[0,T];BP, 
as n tends to oo(up to a subsequence). By the interpolation, we also have 

XjoJ'^Xja in C{[^,T];B;^^ ), VO < s < 1, 

3 
2 

Furthermore, we actually have 



(6.18) 



—+s 3 
xX^X.n in ^^([0, T]; i^^^^ ), V--<s<L 



(6.19) 



AT , JV 



a,u)GL??(i?p';i)0(L??(i?p';, )fM\Q,T-BP^ ) , po(l + a(t, x)) > ^. (6.20) 



With (j6.18p - (|6.20p . it is a routine process to verify that [a,u) satisfies the system ()6.ip in 
the sense of distribution(see also [llj). Finally, following the argument in |[llj, we can show 

JV ——1 

that {a,u)(^C{%T\-Bl^)®C{%T]-B;^^ ). 



7 The proof of uniqueness 

In this section, we prove the uniqueness of the solution. Assume that {a},v}) € and 
(a^,M'^) G EIj. are two solutions of the system (16. ip with the same initial data. Without loss 
of generality, we may assume that satisfies 

p\t,x)=li^{l+a\t,x)) > ^. 
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JV 

for any (t, x) G [0, T] x R-^. Since G C{[0, T]; B^i) and p^(0, x) > cq, there exists a positive 
time T G (0, T] such that 



for any (t, x) G [0,T] x R^. Set 5a = a}- — and 5ti = — n^. Then {ba^bu) satisfies 
dtba + ■ V(5a = - 5u • Va\ 

dtbu - div(7liV(5u) - V((A^ +7Zi)div5^/) = (5G + (7.1) 
(5a,<5n)|t=o = (0,0), 

where 

bF = F(a\ u^) - F(a2, u^), = G{a^ ,u^) - G{a^,u^), 
bH = div((7li - 7l2)Vn2) + V((A^ -\^+-p^- 7z2)divn2) , 

with X = X{a^),'p'^ = 7l(a*) for i = 1,2. 

In what fohows, we set U^{t) = \\u'^{t) \\ N^-^dr for i = 1,2, and denote by At a constant 

depending on ||a^||_ jv and ||a^|L n ■ Due to the inclusion relation EZ, C , it 

suffices to prove the uniqueness of the solution in E^ . So, we take p = in the sequel. 
We apply Proposition 14.11 to get for any t G [0, T], 



Wbamsl^ < / (II'^^(^)IIbo,^ + Va^(r)bo^)dr. (7.2) 

J 

By Lemma |2.7| we have 

¥nr)\\B^ +\\5u-Va\T)\\^, 

<C\\u^U. \\ba\\^o +C{l + \\a'\\^^ )\\bu\\^r 

Plugging it into ()7.2p . we get by Gronwall's inequality that 

IIMOIUo <e^^'W [\l + \\a'\\^. )\\bu\\^, dr. (7.3) 
We use Proposition 15.31 to get for any t G [0, T], 

From Lemma 12.71 Proposition 13.71 and 13.81 we infer that for any t G [0, T], 

P^IU-L < ArWu^W^.JbaW^,^^, (7.5) 

+AT{l + \\u^U2maUo ■ (7.6) 
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We take T small enough such that 

Thus, plugging (j7.5|) and (|7.6|) into (j7.4|) . we infer that for any t G [0,T], 

¥u\\i-u^, .<ATf{l + \\{u\u')\\^2)\\5a\\^, dr. (7.7) 

Lemma 7.1 Let 5 E R. T/ien /or any 1 < p < -\-oo and < e < 1, we have 



TP (US -) S o ioglen — 

From Lemma l7.lt it follows that 

lld-uLifDi ^ < Cllc^-Ullri.^i ^log e + 



1^,(^1^^) Il^^ll 

which together with (|7.3p and (j7.7p yields that for any t € [0,T], 

t 



where Ct = ||5w||7i/6o ^ + ll'^^llri /'r2 ^• Notice that 1 + n^)(i)|| 02 is integrable on 

P,oo) ^T\ p, 00) P,l 

[0,r], and 



/■I dr _ 

Jq rlog(e + CTr-i) 



Osgood lemma applied concludes that {6a, 5u) = on [0,T], and a continuity argument 
ensures that {a^,u^) = {a?,u'^) on [0,T]. 
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